Abstract. Universal upper bounds for the Kobayashi and quasihyperbolic distances near Dini-smooth boundary points of domains in C n and R n , respectively, are obtained.
Introduction and results

Let
This easily implies the next corollary.
Corollary 2. Let D be a C 1+ε -smooth bounded domain in C n . Then there exists a constant c > 0 such that
The following weaker inequality holds for l D .
Then there exists a constant c > 0 such that
Note that C 1 -smoothness is not enough for the last two inequalities.
Recall now that the simple inequality
shows that the Kobayashi distance does not exceed the quasi-hyperbolic distance
where the infimum is taken over all rectifiable curves γ in D joining z to w (by [4, Lemma 1] , the infimimum is attained). The definition of h D in the real case is the same. This distance arises in the the theory of quasi-conformal maps.
We have more if C 1 -smoothness is required (despite Example 4).
. means that q D is a continuous function on R 2n . Our main purpose is, refining the proof of Proposition 1, to extend this proposition in two directions. First, we put the constant c > 0 in front of the factor |z − w| which agrees to the case z = w. Moreover, we choose c to be universal. Second, we replace the C 1+ε -smoothness by the weaker assumption of Dini-smoothness.
Recall that a C 1 -smooth boundary point a of a domain D in C n is said to be Dini smooth (or Lyapunov-Dini smooth) if the inner unit normal vector n to ∂D near a is a Dini-continuous function. This means that there exists a neighborhood U of a such that 1 0 ω(t) t dt < +∞, where
is the respective modulus of continuity.
.
Theorem 7. Let a be a Dini-smooth boundary point of a domain D in C n , resp. R n . Then for any constant c > c 0 there exists a neighborhood
Then there exists a constant c > c 0 such that
The next corollary is a consequence of Theorem 7, Corollary 8 and Proposition 9. 
Therefore, if D is a Dini-smooth bounded domain in C n , then the function 2k D − h D is bounded from above.
The next proposition shows that i D is a distance. Then the equality
Proposition 11. If X is a metric space and f :
The rest of the paper is organized as follows. Section 2 contains the proof of Propositions 5, 6 and 11. Section 3 contains the proof of Theorem 7. Section 4 is devoted to an application of Corollary 8 to boundary continuity of proper holomorphic maps.
Proofs of Propositions 5, 6 and 11
Proof of Proposition 5. We shall use that if a ∈ ∂D is C 1 -smooth, then (cf. [5, (2) 
First, we shall prove (b). By (1), for any c > 1/2 there exists a neighborhood U of ∂D such that w) . Otherwise, let u and v be the first and the last points, where γ meets ∂U (possible u = v). Then It remains to let c → 1/2. The proof of (a) is the same, choosing a respective neighborhood U of a.
Proof of Proposition 6. (a) After translation and rotation, we may assume that a = 0 and that there is a neighborhood U of 0 such that
where f is a C 1 -smooth function in R n with f (0) = 0 and ∇f (0) = 0. Let c > 1 and θ(x) = (r(x), x ′ ). We may shrink U such that
Choose now a neighborhood V ⊂ U of 0 such that
Using the above arguments, we may shrink W such that
2 . On the other hand, (2) implies that (cf. [8, Exercise 3.17])
Using (2) again, we get that
We obtain in the same way that
which implies the desired result. (b) It is an easy consequence of (a) and we omit the details.
The last inequality holds, since all factors are nonnegative.
Proof of Theorem 7
First, we shall prove the result for k D .
We may find a neighborhood V of a and a number s > 0 such that: Note that ω * = sup ω b is an subadditive function. Then its modulus of continuity does not exceed ω and hence ω * is Dini-continuous. So, we may find a Dini-smooth domain G, symmetric with respect to the real axis, such that
Note that there a conformal map θ : G → D which extends to a C 1 -diffeomorphism from G to D (cf. [7, Theorem 3.5] ). We may assume that θ(G ∩ R) = (−1, 1) .
Let now 2c 1 ≥ q > 1. Choose a ball U of radius r ≤ s
we may shrink r such that
To estimate k D (z,w), we shrink r once more such that
Then |z −w| ≤ q|z − w| < c −1 
It follows from here and (3) that
where
Assume for a while that
Letting γ → 0, q → 1 with δ = γ + q 4 , we get c 2 + 1 ≤c 0 . Thus
Let c 2 ≥ √ 2/2. Since δ < γ + 1, it follows that
2 , where c = c 0 q 3 . The result for h D can be obtained in the same way. If n = 1, then
Let n ≥ 2. We may choose G to be convex which implies that 2d G κ G (·; 1) ≥ 1 and hence 2k G ≥ h G . Then we may proceed as above.
An application of Corollary 8
The next result is inspired by [ Proposition 12. Let D be a Dini-smooth bounded domains in C n with a negative plurisubharmonic function u D ≥ −d D .
1 Let G be a convex Dini-smooth bounded domains in C n such that ∂G ∩ T 
